We present the design of a chiral photonic quantum link, where distant atoms interact by exchanging photons propagating in a single direction in free-space. This is achieved by coupling each atom in a laser-assisted process to an atomic array acting as a quantum phased-array antenna. This provides a basic building block for quantum networks in free space, i.e. without requiring cavities or nanostructures, which we illustrate with high-fidelity quantum state transfer protocols. Our setup can be implemented with neutral atoms using Rydberg-dressed interactions.
I. INTRODUCTION
Modular architectures for quantum information processing envision a scale-up of quantum devices from elementary building blocks interconnected by coherent quantum links [1] [2] [3] [4] . A modular quantum processor is structured as an 'on-chip' local-area quantum network, with small quantum computers as nodes of the network, and where quantum states are transferred between nodes via quantum channels [5, 6] . Remarkable progress has been made during the last years in demonstrating some of the basic elements of such modular architectures. In atomic physics quantum computers and quantum simulators involving several tens of individually controlled qubits have been built along with quantum logic entangling operations [7] [8] [9] [10] . Deterministic and probabilistic protocols for entanglement generation [11] , as well as quantum state transfer between distant atomic qubits [12] have been demonstrated experimentally using cavity-QED interfaces, with optical photons as carriers of quantum information. A basic requirement and remaining challenge, however, is to develop high-speed photonic quantum links allowing for high-fidelity quantum communication and entanglement distribution in onchip quantum networks.
The paradigmatic and conventional setup of a photonic quantum link is built around strong coupling of atoms to photonic nanostructures or nanofibers as 1D waveguides [13] [14] [15] [16] , or to cavities [12, 17] . In Fig. 1(d) , we sketch an example of photonic quantum link between two atomic qubits, based on an interface between a two-level atom and an optical fiber. In such setups protocols can be applied to deterministically transfer a quantum state from the first to the second atomic 'stationary' qubit via a photonic 'flying' qubit propagating as wavepacket in a 1D optical waveguide. Achieving a high-fidelity transfer requires the following two key ingredients. First, we need to achieve routing of the photon wavepacket emitted by the first atom. This necessitates a chiral atomfiber interface, i.e. with unidirectional photon emission (and absorption) [18] . The second ingredient is the 1D character of the fiber modes guiding the wavepacket, which is essential in achieving efficient reabsorption of the photon and thus restoration of the qubit in the second atom. Recent experiments have demonstrated such chiral quantum interfaces with atoms trapped close to optical nanofibers [19, 20] . Significant challenges remain, however, in resolving the conflicting requirements of trapping atoms close to dielectric surfaces, while achieving the strong-coupling regime where the interaction between atoms and confined modes dominates losses such as spontaneous emission to free-radiating modes. These challenges have so far limited demonstrations of photon mediated remote entanglement of matter qubits to rates of at most 30 s −1 with neutral atoms [12] , trapped ions [21] , or NV centers [22] . To address these challenges, we propose below a chiral photonic quantum link, where effective 1D (paraxial) free-space modes of the electromagnetic field provide a photonic quantum channel connecting atomic qubits -therefore eliminating the requirement for 1D nanofibers or photonic nanostructures. Combining the demonstrated capability for creating local entanglement on a few µs timescale via Rydberg interactions [23, 24] with a high efficiency chiral channel we project realization of remote entanglement at rates above 10 4 s −1 , which will speed development of modular quantum processing networks.
The setup describing the 'free-space' photonic quantum link is outlined in Figs. 1(a-c) . The key element is the coupling of the atom representing the qubit, in an engineered laser-assisted process, to a regular array of atoms with sub-wavelength separation δ ⊥ < λ 0 (with λ 0 the wavelength of the light), which acts as a phasedarray antenna for photon emission and absorption. We make this interface chiral by employing a bilayer atomic array, where the desired unidirectionality is guaranteed by interference. We can view the composite object consisting of the qubit atom coupled to the atomic array as an artificial two-level atom, where the 'excited state' decays to the 'ground state' while coherently emitting an optical photon into a given well-defined localized and directed (1D) mode of the electromagnetic field. This chiral photonic quantum interface for 'free-space' atomic qubits then becomes the building block for a 'free-space' photonic quantum link. We illustrate this in Fig. 1(c) for the example of an array of N ⊥ × N ⊥ atoms (here 17×17) with N z = 2 layers acting as antenna. This example demonstrates the generation of a free-space Gaussian mode as photonic quantum link connecting two atomic arrays. For a given transverse array size L ⊥ ∼ λ 0 N ⊥ , this link can cover a distance L ∼ L 2 ⊥ /λ 0 ∼ N ⊥ L ⊥ between sending and receiving node. The achievable communication range can be further extended with lenses inserted between the sending and receiving antenna. Remarkably, running the standard quantum state transfer protocol on this setup gives fidelities close to unity for such distances, as shown in Fig. 1(e) . For atomic arrays of much smaller size, the light emitted from the antenna remains unidirectional, albeit divergent as illustrated in Fig. 2(a) .
II. CHIRAL QUANTUM OPTICS
We wish to implement a 'free-space' chiral light-matter interface (discussed in Sec. III), and a 'free-space' photonic quantum link (discussed in Sec. IV) in a 3D environment, analogous to the 1D models of chiral quantum optics. Thus, for reference below, we find it worthwhile to first summarize the basic dynamical equations of 1D chiral quantum optics and cascaded quantum systems.
A minimal model for a chiral interface coupling twolevel atoms to a waveguide is shown in Fig. 1(d) . Here, two quantum emitters (a = 1, 2) as two-level atoms with ground states |G a and excited states |E a , respectively, are coupled to an open 1D waveguide as bosonic bath. The dynamics of this system is governed by the Hamiltonian H 1D = H 0A + H 0F + H AF . Here the free Hamiltonian for the waveguide can be written as
, where ω k is the waveguide dispersion relation, which we assume linear (ω k ≈ ck with k the momentum and c the speed of light in the waveguide), and b R(L) k is the annihilation operator for photons propagating in the right (left) direction in the waveguide, with momentum k, which satisfy bosonic commutation relations 
where z a is the atomic position along the waveguide, with d ≡ z 2 −z 1 > 0, and γ R(L),a is the spontaneous decay rate of atom a for the emission of photons propagating to the right (left). Broken left-right symmetry manifests itself in the couplings γ R,a = γ L,a , and we are particularly interested in unidirectional coupling γ R,a γ L,a → 0. The master equation obtained by integrating out the radiation field in a Born-Markov approximation for two atoms and
with non-hermitian Hamiltonian
(3) written here in a rotating frame. The first term in Eq. (3) describes the individual decay of atomic excitations, with the total decay rate of atom a defined as γ a = γ R,a + γ L,a + γ a . Here we added an additional decay channel with rate γ a accounting for losses due to coupling of the atoms to non-guided modes. The second term of Eq. (3) on the other hand describes non-reciprocal atomic effective interactions. The rate γ L ≡ √ γ L,1 γ L,2 denotes the rate of interaction mediated by photons propagating to the left from atom 2 to 1, while γ R ≡ √ γ R,1 γ R,2 corresponds to photons propagating to the right from atom 1 to 2. Finally, the last term in Eq. (2) expresses as
In the unidirectional case (γ L = 0), the above equation reduces to the cascaded master equation as derived in Ref. [25] . We note that in this case atom 1 can only talk to atom 2 downstream, while there is no backaction of atom 2 to atom 1. This cascaded master equation has been the starting point to discuss quantum state transfer of a qubit as superposition state, from the first to the second atom, realiz-
We show below that the 'free-space' chiral photonic quantum link of Sec. IV can be described by a chiral master equation of the form of Eq. (2) and we derive explicit expressions for γ R,a γ L,a in terms of coupling coefficients to free-space radiation modes. The setup of Figs. 1(a-c) thus provides a faithful implementation of chiral quantum optics in a free space environment.
III. 'FREE-SPACE' CHIRAL ATOM-LIGHT INTERFACE
The basic setup of an atom coupled to a quantum antenna as directional quantum emitter is illustrated in Figs. 1(a-c) . We consider a two-level atom represented by a pair of long lived atomic states |G , |E (e.g. hyperfine states in an atomic ground state manifold), dubbed 'master atom' or qubit, which we assume trapped in free space. We wish to design an effective 'decay' from the excited state to the ground state |E → |G as a laser-assisted spontaneous emission process, analogous to an optical pumping process, with the property that the optical photon is emitted into a specified target mode of the electromagnetic field, written as an outgoing wave packet |ψ
with |vac the vacuum state. Here b † k,λ creates a photon with momentum k and polarization λ, with
specifies the target mode in momentum space (e.g. a Gaussian mode).
We design this 'decay' of the master atom with the optical photon emitted into the target mode as a two- step process via a nearby atomic array with subwavelength spacing (as investigated in recent theoretical studies [27] [28] [29] [30] [31] [32] ). This ensemble consists of two-level atoms {|g i , |e i } located at positions r i (i = 1, ..., N a ) trapped in free-space (e.g. with optical traps [33] [34] [35] [36] [37] ). In a first step the atomic excitation of the master atom is swapped in a laser assisted process to a delocalized electronic excitation of the ensemble,
Here |Ω ≡ |G {|g i } |vac , and we have defined s + ≡ |E G| and σ + i ≡ |e i g|. This delocalized electronic excitation in the atomic ensemble then decays back to the ground state |e i → |g i by emission of an optical photon. The key idea is to design phases φ i in the laser-assisted first step, so that the atomic ensemble acts as a holographic or phased-array antenna for directed spontaneous emission into the target mode (in analogy to classical phased-array antennas [38] [39] [40] ). That is, directionality of emission comes from interference between the emitting atomic dipoles [41] [42] [43] [44] [45] [46] [47] [48] . We first assume the system to operate in the Lamb-Dicke regime, such that photon recoil and motional effects, e.g. due to temperature, can be neglected [49] . There are various ways of implementing the process (5) in quantum optics with atoms; as an example we discuss below a transfer with longrange laser-assisted Rydberg interactions [50, 51] , where spatially dependent phases φ i can be written via laser light, akin to synthetic gauge fields for cold atoms [52] . We emphasize that the overall process preserves quantum coherence and entanglement, such that, for instance, for an initial qubit superposition state c g |G + c e |E (with c g and c e complex numbers) the outgoing photonic state will read c g |vac + c e |ψ targ (t) . Below we will be interested in various geometries of the few-atom antenna, with the goal of optimizing the directionality of emission. We will consider bilayer and multilayer regular arrays of N a atoms, where
with N z and N ⊥ being the number of atoms in longitudinal and transversal directions, respectively. The corresponding interatomic spacings are denoted as δ z(⊥) , while the overall spatial extent of the antenna is L z(⊥) = δ z(⊥) N z(⊥) . For comparison, we also assess the case of atoms with random positions characterized by their density n a . As an illustration of results derived below, we show in Fig. 2(a) spatial photon emission patterns for 2 × 2 × 2, 3 × 3 × 2 and 8 × 8 × 2 bilayer regular arrays, assuming subwavelength spacings δ z = 0.75λ 0 and δ ⊥ = 0.7λ 0 , which is necessary in order to avoid Bragg resonances. It is remarkable that rather directed spontaneous emission can be obtained with very small atom numbers. We will quantify this below as a Purcell factor β for emission into a paraxial mode of interest, and show that β close to 1 can be achieved.
For transverse sizes L ⊥ λ 0 , the antenna can emit photons in several spatial modes, as illustrated in the upper panel of Fig. 2(b) . Photons can also be emitted in directional modes focussing at a distance z 0 outside the antenna, which could be used to match the mode of an optical fiber, as represented in the lower panel of Fig. 2(b) . The focussing distance achievable in this way is limited by diffraction as z 0 L 2 ⊥ /λ 0 .
A. Model of Quantum Optical Antenna
A quantum optical description for the setup in Fig. 1(a) starts from a Hamiltonian H 3D = H 0A + H 0F + H AF , which we write as sum of an atomic Hamiltonian, the free radiation field, and the atom -radiation field coupling in the dipole approximation. We find it convenient to work in an interaction picture with respect to H 0F , and transform to a rotating frame eliminating optical frequencies. Thus we write for the atomic Hamiltonian (with = 1)
with ∆ the detuning in the laser-assisted transfer from the master atom to ensemble due to long-range couplings J i = |J i |e iφi . For the atom-radiation field coupling we have
with d = d p the atomic dipole matrix element with amplitude d and unit vector p, which for concreteness we will assume circularly polarized along z, and
the positive frequency part of the electric field operator (in the rotating frame), with ω 0 ≡ ck 0 ≡ 2πc/λ 0 the optical frequency, e λ, k the polarization vector.
The effective decay of the master atom via the ensemble is described in a Wigner-Weisskopf ansatz as
with initial condition s(0) = 1, P i (0) = ψ k,λ (0) = 0, and our aim is to obtain a photon in the specified target mode
(t) for times t → ∞. In the Born-Markov approximation we can eliminate the radiation field and find
This describes the transfer of the excitation from the master atom to the ensemble atoms according to the couplings J i . The last equation contains the non-hermitian effective atomic Hamiltonian H nh ≡ −∆I − i(γ e /2) (I + G) with detuning ∆ and atomic decay rate γ e ≡ k 3 0 d 2 /(3πε 0 ), and the hopping of the atomic excitation within the ensemble due to dipole-dipole interaction induced by photon exchanges. Here we have defined
, and expresses as [53, 54] 
(11) To obtain the spatial profile of the emitted light, we define the (normalized) single photon distribution as
t) . By integrating Maxwell equation we find
with the emitted field as radiation of interfering atomic dipoles. For simplicity we discuss below the limit of perturbative J i , where we eliminate the atomic ensemble coupled to the radiation field as an effective quantum reservoir. We obtain for the effective decay of the master atom
with γ tot the total emission rate (into 4π solid angle). The spatio-temporal profile of the emitted photon wavepacket can thus be written as ψ ( r, t) = ϕ( r )s (τ ) with geometric factor
Here s(τ ) = e −γtotτ /2 represents the exponentially decaying atomic state with retarded time τ = t−| r |/c ≥ 0. We note that the above discussion generalizes to timedependent couplings J j → J j (t) ≡ J j f (t), allowing a temporal shaping of the outgoing wavepacket.
In our antenna design, we wish to optimize the directionality of emission with an appropriate choice of phases J j = |J j |e iφj , for a given antenna geometry and atomic parameters. In Figs. 1 and 2 we have already presented corresponding results from numerical evaluation of ϕ( r ) for various few-atom configurations. We present both analytical and numerical studies of this optimization problem in the following two sections.
B. Quantum Antenna in Paraxial Approximation
An analytical insight for optimizing emission to a given spatial mode of the radiation field can be obtained in the paraxial approximation for ψ( r, t). This approximation is valid for strongly directional emission, and for atomic antenna configurations with
In the paraxial description the target mode is specified as a desired paraxial mode of interest, e.g. as a Laguerre-Gauss mode. The paraxial formulation given below will not only allow us to quantify the directionality in terms of a Purcell β-factor for emission into the desired mode, but also to show that the optimal phases for the master atom -ensemble couplings J j are naturally generated by Laguerre-Gauss laser beams driving the transfer from master atom to atomic ensemble.
In the paraxial approximation the photon wavepacket, propagating dominantly along a given direction (chosen in the following as the z-axis in Figs. 1 and 2), can be expanded in the form ψ( ρ, z, t) = n ψ n (t − z/c)u n ( ρ, z) p e ik0z , where we denote ( ρ, z) ≡ r. Here u n ( ρ, z) is a complete set of (scalar) modes solving
and satisfying for a given z the orthogonality condition [55] . Examples of paraxial modes include the Laguerre-Gauss modes LG l p ( ρ, z) with radial and azimuthal indices p and l. The LG modes are implicitly parametrized by the beam waist w 0 , and the focal point z 0 , as summarized in Appendix A.
Expanding the field emitted from the antenna into a set of paraxial modes allows to decompose the spontaneous decay rate γ tot of the master atom as γ tot = n γ n + γ . Here γ n is the spontaneous emission rate into the paraxial mode u n ( ρ, z), while γ denotes the emission into the remaining modes in 4π solid angle. In Appendix B we
which is essentially the spontaneous emission rate according to Fermi's golden rule with the emitted field pattern ϕ( r ) projected on the paraxial modes u n ( ρ, z). This leads us to define a Purcell factor
as the fraction of the total emission into each paraxial mode n (0 ≤ β n ≤ 1). Our aim is thus to find a set of couplings {J j } which optimizes emission into a given directed mode -say a target mode n 0 -ideally with β n0 → 1. Purcell factors close to unity for a given mode can be achieved for off-resonant transfer ∆ γ e . In this limit we have H
2 (I + G) up to second order in 1/∆, and dipolar flip-flops in the atomic ensemble are suppressed as higher order terms in a large detuning expansion. We then find
From this expression we see that the emission rate γ n0 to the target mode of interest n 0 is maximized under the prescription
while other γ n =n0 are strongly suppressed, as a consequence of the orthogonality condition of the paraxial modes in a discrete approximation. This is a manifestation of the Huygens-Fresnel principle, where the atomic emission interferes constructively in the desired direction. We emphasize that these couplings are naturally implemented in the physical setup of Fig. 1 (a,c), when the laser driving the master atom -ensemble couplings is chosen with the spatial mode u n0 . Under the prescription (18), we obtain for the effective decay rate of Eq. (16)
As an example, forJ ∼ 0.15∆, N z = 2 and δ ⊥ = 0.7λ 0 , this corresponds to γ n0 ∼ 10 −2 γ e , which for γ e in the MHz range represents timescales of the order of 10 −4 s. We note that in the limit ∆ γ e of off-resonant excitation the atoms representing the quantum antenna are only virtually excited, i.e. the atomic ensemble acts as a virtual quantum memory. This is in contrast to real quantum memory for quantum states of light in atomic ensembles [56] , where an incident photon is absorbed and stored in a long-lived spin excitation, and is read out after some storage time in a Raman process. In the following section we will present a numerical study for various antenna geometries, including ensembles as regular atomic arrays, and for randomly positioned atoms. Analytical results for Purcell factors can be obtained in the limit of a large number of randomly distributed atoms, and assuming the choice of phases as given by (18) . In Appendix C we show that for such a 'random' ensemble with atomic density n a and optical depth O d = 3λ 2 0 n a L z /(2π), the Purcell factor can be written as
. This is consistent with the expression for readout efficiency of ensemble based atomic quantum memories [42, 57] . Thus β n0 → 1 is achievable in the limit of large optical depth, i.e. large number of atoms. Remarkably, as shown in the following section, the number of atoms required can be significantly relaxed for regular arrays with subwavelength spacing.
C. Numerical Study of Few-Atom Arrays
We now turn to a numerical study for characterizing and optimizing the geometry of the quantum antenna. We will show in particular that regular atomic arrays, due to their periodic structure, can significantly suppress spontaneous emission into non-forward propagating modes and this will allow us to achieve large Purcell factors even for a few-atom antenna. In our study below we choose as target mode a Gaussian beam
with a beam waist w 0 and the antenna located at the focal point z 0 = 0 [see Fig. 2(b) ] [58] . Furthermore, we assume that phases are chosen as fixed according to the prescription (18), i.e. as J j ∼ e ik0zj LG 0 0 ( ρ j , z j ). Let us consider an antenna with a configuration characterized by a transverse atom number N ⊥ , a number of layers N z , and thus a total atom number N a = N ⊥ × N ⊥ × N z . In the following we fix the distance between the layers as δ z = λ 0 (2N z − 1)/(2N z ), which provides maximum destructive interference and thus suppression of emission in the backward direction, but we leave open the transverse distance δ ⊥ as a parameter to be varied. The quantity to be optimized is the Purcell factor for the Gaussian mode. We find the maximum value of β n0 (w 0 , δ ⊥ ), denoted β, by varying the waist parameter w 0 and the transverse spacing δ ⊥ .
Our results are shown in the inset of Fig. 3 (a), which shows β as a function of N a for perfectly regular arrays with N z = 2, 4, 8 in blue, orange, and green lines, respectively. Remarkably, a large Purcell factor of β ≈ 0.94 can be reached with just two layers of 4 × 4 arrays of atoms as antenna (blue square marker on the blue curve), and we see rapid convergence to 1 with increasing atom number. We note that for the perfect arrays considiered here, the efficiency decreases with increasing N z at fixed N ⊥ , which is a consequence of the divergence of the paraxial mode increasing with the longitudinal antenna size, such that the optimal configuration is N z = 2. The corresponding waists w 0 are shown in blue circles in Fig. 3(b) , as a function of transverse antenna size L ⊥ ≡ N ⊥ δ ⊥ , for all configurations of N ⊥ and N z up to 16 × 16 × 8. The dashed blue line indicates the linear dependence of the optimal mode waists w 0 ∼ L ⊥ on the transverse antenna size (as long as w 0 λ 0 ). The optimization routine identifies the largest mode waist supported by the antenna, as the Purcell factor for regular arrays increases with the growth of the transverse mode size, as we discuss below. The red dashed curve in Fig. 3(b) shows the corresponding opening angle of the Gaussian mode as given by θ = tan −1 [λ 0 /(πw 0 )]. The optimal interatomic spacings δ ⊥ are presented in Fig. 3(c) and indicate a slow growth with the increase of the transverse antenna size. This is a consequence of the fact that the transverse spatial spectrum of the target mode becomes narrower for larger antennas and, according to the sampling theorem, the antenna can properly couple to the mode even with an increasing interatomic spacing δ ⊥ .
To compare regular arrays and 'random' atomic ensembles, and to reveal the antenna performance scaling with its size, we find it convenient to define an effective optical depth for regular arrays as O eff d = 4β/(1−β), corresponding to the optical depth for a 'random' ensemble achieving the same Purcell factor. This effective optical depth is shown in Fig. 3(a) for regular perfect arrays with N z = 2, 4, 8 in blue, orange, and green solid lines, respectively. For comparison, results for an antenna with randomly distributed atoms, with atomic density equivalent to the one of regular arrays, are shown in black dotted line.
The performance of the 4 × 4 bilayer array mentioned above is highlighted by the optical depth O eff d ≈ 70 (blue square marker). The scaling of the optical depth with the number of atoms shows a striking difference between regular arrays and 'random' atomic ensembles. This is due to the fact that even though the emission rate γ n0 into a target mode given by Eq. (16) is similar, the total emission rate, which for the optimized couplings choice reads γ tot ≈ γ n0 + γ , is defined mainly by the scattering into non-paraxial modes γ . An ensemble of randomly distributed atoms emits almost equally well into all non-paraxial modes, although the ratio γ /γ n0 is suppressed by the number of atoms. For regular atomic arrays, however, the sideward scattering is totally suppressed for target modes with large transverse extent. In addition, paraxial backward emission is significantly suppressed by means of the destructive interference with the proper choice of longitudinal spacing δ z given above. This results in Purcell factors for regular arrays, which are far superior to the one of a 'random' ensemble.
In Appendix D we show that the effective optical depth for a lattice emitting into a mode with transverse size w grows as (w/λ 0 ) 4 , which is equivalent to O Fig. 3(a) , where we have converted the antenna size N a into a mode waist w 0 using the linear dependence of the optimal mode waist on the transverse antenna size [blue dashed line in Fig. 3(b) ]. This scaling is in contrast to the 'random' ensemble optical depth, which grows like
1/2 for an ensemble geometry optimized for a Gaussian beam [59] . This scaling is shown in black dotted line in Fig. 3(a) .
The effect of imperfections in atomic arrays is shown in Figs. 3(d,e,f) . Fig. 3(a) with dashed and dot-dashed lines corresponding to σ th = 0.01λ 0 , 0.02λ 0 , respectively (the color indicates N z as described above). Clearly, an antenna consisting of larger number of layers N z is less prone to imperfections since it has more emitters to support the destructive interference for the backward scattering. Finally, in panel (f) we study the Purcell factor β [without the approximations of Eqs. (16), (17)] as a function of the detuning ∆ from the resonance for two-level atoms. One can see that a detuning of the order of the natural linewidth γ e is sufficient to reach optimal Purcell factors.
IV. CHIRAL PHOTONIC QUANTUM LINK
Quantum antennas can be used as a light-matter interface to form chiral photonic quantum networks in freespace, with several distant master atoms strongly interacting via a common 1D free space photonic mode [see Fig. 1(b) ]. We illustrate the efficiency of this 'quantum link' with simulations of deterministic Quantum State Transfer protocols. We then express the dynamics of a more generic photonic network, including possibly many-photon states, in terms of a Quantum Stochastic Schrödinger Equation.
A. Chiral Master Equation with Quantum Antennas
We consider a minimal network consisting of two nodes separated by a distance L = 2z 0 [see Fig. 1(b) ], where each master atom (a = 1, 2) has a ground state |G a and an excited state |E a , with s − a ≡ |G a E| and is coupled to an array of N a atoms. We denote the hopping rates as J j,a with j = 1, ..., 2N a , where J j,1 (J j,2 ) takes non-zero values only for j ≤ N a (resp. j > N a ). We assume that each array acts as a quantum antenna with a common paraxial target mode n 0 , with the waist of this mode located halfway between the two nodes [60]. As represented in Fig. 4(a) , a good photon emission and absorption into this mode, characterized by β ≈ 1, is realized when L ⊥ √ λ 0 z 0 , a condition set by the diffraction limit. The dashed-dotted curve represents
, with z 1 the position of the first antenna along z, which is the maximum value for β achievable with an antenna with transverse surface L 2 ⊥ . This corresponds to the limit N ⊥ → ∞, and already for N ⊥ = 10 the curve is almost indistinguishable from this limit. The corresponding optimal waists are shown in the inset of Fig. 4(a) , where the black curve represents the waist minimizing the mode width at the position of the antenna, and is given by w 0 = z 0 L/π. For discrete arrays with finite N ⊥ , the optimal waist is given by a trade-off between minimizing this mode width in order to diminish finite-size effects of the layers, and increasing the number of atoms emitting in the mode in order to improve the effective optical depth. This results in a saturation of w 0 ∼ L ⊥ for low values of z 0 .
In order to characterize the efficiency of the quantum link between the two qubits, we first express the dynamics in terms of a master equation for the density matrix ρ for the master atoms. Assuming that (i) the photonic field is initially in the vacuum state, (ii) the couplings are perturbative (i.e., J j,a ∆), and (iii) the timedelay in the photon propagation between the two antennas is negligible (i.e., Markov approximation), we eliminate antenna atoms and radiation field as an effective reservoir for master atoms, and obtain a chiral master equation analogous to Eq. (2), where now the effective non-hermitian Hamiltonian reads (see Appendix E)
Here
, where a is a frequency shift for each qubit [61] , while γ a is their total effective decay rate, similarly to Eq. (12) . We note that due to the symmetry of the system and of the target mode, we have here γ tot,1 = γ tot,2 ≡ γ. On the other hand, the rates of interaction between qubits and the associated phases are given by
and the decay to unwanted non-paraxial modes expresses as γ ≡ γ − γ R − γ L . Finally, the recycling terms express as
The rate γ R (γ L ) in Eq. (19) corresponds to the effective long-range coupling from the first qubit to the second one (second to first, respectively), which in general is not reciprocal (i.e., γ R = γ L ). In analogy to Eq. (16), assuming k 0 z 0 1, we obtain in the paraxial approximation and to lowest order in γ e /∆ γ R e iφ R = 3πγ e 2∆ 2 k 2 0 n,i,j e ik0(zi−zj )
while γ L e iφ L can be expressed in a similar way by replacing J j,a → J * j,a . This assumes a decomposition of left-propagating modes on a similar paraxial basis, with the same waist location as for the right-propagating modes. In particular, using Eq. (18) for the couplings, in the limit β → 1 we have the expression
, whereJ a ≡ i |J i,a | 2 denotes the coupling rate between master atom a and its antenna, while (γ L , φ R ) → 0 and φ L → 4k 0 z 0 . We thus obtain almost ideal unidirectional couplings between qubits, thus forming a cascaded quantum system as discussed in Sec. II. We illustrate this here with the application of deterministic Quantum State Transfer (QST) protocols.
To realize QST, we first remark that the various decay rates in Eq. (19) can be taken time-dependent by adding a temporal modulation in the laser-assisted hopping rates J j,a → f a (t)J j,a , such that γ tot,a → f a (t) 2 γ tot,a and γ R/L → f 1 (t)f 2 (t)γ R/L . The functions f 1 (t) and f 2 (t) are chosen such that in the ideal scenario (i.e., γ R = γ) the total excitation of the two qubits is conserved [62] . With imperfect couplings (γ R < γ), the QST fidelity is given by F = γ 2 R /γ 2 , assuming γ L γ R (see Appendix F for details). Fig. 1(e) represents the range of values for F accessible in our model, which are obtained by evolving the dynamics of the master atom density matrix ρ from the chiral master equation, and shows that the typical achievable inter-array separations 2z 0 grows linearly with the surface L 2 ⊥ . The dashed curve represents a numerical estimation for the maximum fidelity achievable in the paraxial limit, and corresponds to the limit of N ⊥ → ∞. In the inset, we show that the saturation value decreases like 1/N 4 ⊥ , which is equivalent to the scaling of
2 as discussed in Sec. III C. As an example, with N ⊥ = 20 we obtain F ≈ 0.88 for 2z 0 = 150λ 0 , demonstrating the efficiency of atomic arrays for building optical interconnects with mesoscopic distances. For small z 0 , Fig. 4(b) shows that δ ⊥ can take a broad range of values, as long as δ ⊥ 0.9λ 0 . As z 0 increases, this range diminishes as we need a larger surface L Finally, we note that for fidelities F close to 1, several strategies for quantum error correction can be applied to our situation to further improve the fidelity. This can be realized by coupling several qubits to each atomic array, rather than a single one, to implement redundant qubit codes correcting for the photon losses arising from β < 1. For instance, following a protocol described in Ref. [63] , the qubit state can first be redundantly encoded in an atomic ensemble, using entangled states with multiple atomic excitations for the logical qubit, such as cat or binomial states [64] . Coupling the ensemble to the atomic array will produce a propagating quantum error correcting photonic code rather than a single photon, which can then be transferred to a second distant ensemble, using the same protocol as described above. Provided the probability of error is small enough, single photon losses can be detected and corrected in the second ensemble. On the other hand, when the fidelity F is too low for error correction, probabilistic protocols become advantageous, and atomic arrays can be used to achieve high repetition rates.
B. Quantum Stochastic Schrödinger Equation Formulation
In Sec. III we studied the spontaneous emission process of a single photon from a single master atom, which we described using a Wigner-Weisskopf ansatz. In Sec. IV A we then considered a system of two nodes, whose generic dynamics was provided by a master equation, obtained under the assumptions that the radiation was initially in the vacuum state, and that time-delays in the photon propagation between the nodes was negligible (Markov approximation). In the following we extend these formalisms to account for such possible delays, and to allow for the description of any initial photonic field state.
Single emitter
We start with the description of a single node of master atom and quantum antenna. Beyond the WignerWeisskopf treatment presented in Sec. III, the dynamics, including possibly many-photon states, is conveniently formulated in the framework of quantum stochastic calculus, in terms of a Quantum Stochastic Schrödinger Equation (QSSE) [49] . Our description is obtained in the limit ∆ γ e by adiabatically eliminating excitations in the antenna in an Holstein-Primakoff approximation. For details on the derivation of the QSSE and formal definition of the field modes we refer the reader to Appendix G. We obtain
describing the dynamics of a pure state |Ψ(t) including master atom and photonic field, where the interaction Hamiltonian expresses as
(25) Here b R/L n (t) represent quantum noise annihilation operators for photons in the paraxial 1D mode n propagating in the right/left direction, and interacting with the master atom at time t, while b (t) corresponds to unwanted modes propagating in 3D, satisfying
The effective coupling of the master atom to rightpropagating modes g R n expresses as g n in Eq. (16), while g L n can be expressed as in Eq. (16) 
. The coupling g on the other hand expresses from Eq. (17) as
. For generality sake we also added a term H sys , accounting for eventual additional operations on the master atom which needs not conserve the number of excitations, e.g. for an external coherent drive H sys = Ω R (s − + s + ) − ∆ R s + s − with Rabi frequency Ω R and detuning ∆ R [65] . The dynamics generated by Eq. (25) is in exact analogy to that of a qubit with chiral coupling (g L n = g R n ) to a multimode 1D waveguide, where each n corresponds to an orthogonal degenerate waveguide mode, achieving ideal coupling in the limit g → 0.
Two emitters
We now consider the case of two nodes as studied in Sec. IV A. The interaction Hamitonian in Eq. (25) expresses here as V (t) = V 1 (t) + V 2 (t), where (see Appendix G)
with τ 1 = 0, and τ 2 ≡ τ = 2z 0 /c the time-delay in the propagation of a photon between the two nodes. Here b 1,2 (t) denote annihilation operators for photons in non-paraxial modes, which we assume independent with [b 1 (t), b 2 † (t )] = 0, and g 1,2 denote the effective coupling rates of the master atoms to these modes. On the other hand b R n (t) represent bosonic operators for a continuous string of harmonic oscillators interacting consecutively with the first and second master atom, while b L n (t) represent harmonic oscillators interacting consecutively with the second and first atom.
In some cases, the time-delay τ in the label of field operators of Eq. (26) can be formally set to 0 + , such that the QSSE can be integrated. This is the case when the time-delay is shorter than the typical timescale of the atomic dynamics (Markov approximation, i.e. |g a | 2 + n (|g
, where photons flow from the first to second node without back-action. In the case of vacuum initial state for the photonic field we obtain the chiral master equation of Sec. IV A, in the paraxial approximation, where we identify
When the delay cannot be neglected however, numerical techniques can be used to solve the QSSE, such as matrix-product-state methods.
V. ATOMIC IMPLEMENTATION
Quantum antennas can be realized in various microscopic systems. The basic requirements for the physical realization of the model of the previous section, as master atom (qubit) coupled to a quantum antenna, are the following. (i) Excitations must be transferred coherently from master atom (qubit) to the antenna atoms. For a quantum antenna built as large atomic arrays this requires long-range couplings. (ii) The spatial distribution of the corresponding couplings J i , in particular the required phases for directional emissions, can be engineered, for instance using laser-assisted processes [see Eq. (18)]. (iii) Antenna atoms can emit photons via an optical dipole transition.
Here we present an implementation with neutral atoms employing laser-assisted Rydberg interactions. This builds on the recent experimental progress in loading atoms in regular optical lattices, using e.g. optical trapping techniques, and the possibility to laser excite atoms to Rydberg states to induce and control long-range dipolar interactions. We remark that our model can also be realized in various other atomic physics setups. For very small antenna sizes, e.g. the minimal antenna 2 × 2 × 2, we can use the physics of atomic Hubbard models (including synthetic gauge fields [52] ) to implement the model of Sec. III. In addition, for neutral atoms [51, 66, 67] and molecules [68] long range coupling are available as magnetic and electric dipolar interactions. Finally, these ideas can also be translated to a solid-state context, using quantum dots [69] or NV centers [70] . This also includes interfacing superconducting qubits [71] stored in strip line cavities with bilayer atomic ensembles acting as quantum antenna.
The atomic level structure we have in mind is shown in Fig. 5(a) . For concreteness, we consider optically trapped atoms in a bilayer (N z = 2) configuration, where the master atom is a 133 Cs atom and the antenna is made of 87 Rb atoms [72] . The state of the master atom is encoded in two Rydberg states |G = |28S 1/2 , m j = 1 2 and |E = |27P 3/2 , m j = 3 2 , with microwave transition frequency ω Cs (the quantization axis is set by an external magnetic field along z). Antenna atoms can be excited to four electronic levels, including two Rydberg states
with transition frequency ω Rb [73] . Our particular choice of Rydberg states is motivated by the small energy difference∆ ≡ ω Cs − ω Rb = 2π × 1.74 (2) GHz between the two Rydberg transitions due to a Förster resonance [74] . Finally, we choose two hyperfine stretched states, a ground state |g i = |5S 1/2 , F = 2, m F = 2 and an excited state |e i = |5P 3/2 , F = 3, m F = 3 , in order to generate optical photons with λ 0 = 780 nm (D2-line). In our model, we operate in the frozen gas regime [51] , where the motion of the atoms can be neglected for the timescales associated with our model.
While the complete atomic physics details are presented in Appendix H, we describe here the main elements allowing this setup to behave as quantum antenna. First, the antenna atoms are subject to a laser beam coupling off-resonantly, with spatial Rabi frequencies Ω d ( r i ), and detuning ∆ d , |g i to |R i . In the dressing regime, Ω d ( r i ), V dd ∆ d , where V dd is the dipoledipole coupling between Rydberg states (see Fig. 5 ), we obtain an effective coherent 'flip-flop' interaction |E |g i → |G |R i between master atom and antenna, which can be controlled externally via Ω d ( r i ), i.e we can use the dressing laser to write the required phases on the antenna atoms. Second, emission of optical photons from |R i is assisted by a control laser with Rabi frequencies Ω c ( r i ), and detuning ∆ c .
To show that good directionality can be achieved with realistic configurations, we now present numerical simulations showing the Purcell factor β for emission of a single photon to a Gaussian mode, which include unwanted dipole-dipole couplings between antenna atoms, and finite Rydberg states lifetimes. To complement this analysis, we also present in Appendix H a mapping to Eq. (10), which is valid under the condition of the electromagnetically induced transparency Ω c ( r i ) J i , γ r , and ∆ c = 0, with γ r being the Rydberg decay rate. In Fig. 5 (b,c) we show the Purcell factor β for the emission to Gaussian modes. Panel (b) shows that an almost perfect fidelity of coupling to a Gaussian target mode can be reached at a certain optimal qubit-antenna distance z m . The latter results from a tradeoff between an exaggerated inhomogeneity of the dipole-dipole couplings J i at small z m and the predominance of unwanted losses from the Rydberg states at large z m . In panel (c) we show that the effect of inhomogeneity can be significantly mitigated by using an optimized spatial distribution of Rabi frequencies Ω d ( r i ) (instead of LG mode). This shows that the atomic antenna based on Rydberg atoms can be realized with state-of-art technology and with realistic parameters.
VI. OUTLOOK
In the present work we propose a scheme for implementing high-efficiency quantum links in free-space, using phased atomic arrays as chiral atom-light optical interface. Our setup realizes the paradigmatic model of chiral quantum optics, with distant atoms interacting via emission and absorption of unidirectional photons. This allows for the implementation of modular architectures for quantum information processing in free space, without use of dielectric nanostructures or cavities. In particular, we show that strong connectivity can be achieved even for moderate antenna sizes, allowing for high-fidelity state transfer between atomic qubits.
Quantum antennas as a free-space quantum light matter interface can be extended to incorporate 'built-in' modules for quantum information processing. Beyond the case of quantum state transfer with single photons discussed here, quantum antennas can be used for instance to generate, emit and absorb photonic states with can error correct for single photon losses [64] , and thus increase the free-space link connectivity.
Note added -Since our first submission arXiv:1802.05592v1, the Rydberg coupling between a master atom and an atomic ensemble was also discussed for directional single-photon sources in arXiv:1806.07094v1.
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where, for convenience, we use the vector notation J ≡ {J 1 , . . . J N }.
From Eq. (B1) we have for the term in denominator
Substituting this expression in Eq. (C1) we get
where we defined the single atom resonant scattering cross-section as σ ≡ 3λ 2 0 /(2π) = 6π/k 2 0 . Let us assume now that the coefficients J i are chosen in order to maximize the emission to the mode u n0 as J i ∼ e ik0zi u n0 (ρ i , z i ). Assuming the transverse size of the atomic cloud is larger than the mode waist, i.e. w 0 L ⊥ , and transforming the sum in Eq. (C2) to an integral i → n a V d 3 r, we get
with the optical depth defined as
Appendix D: Optical Depth of a 3D Lattice
In this Section we derive an analytical expression for the Purcell factor and the effective optical depth for a two layer phased array of emitters, as quoted in Section III C. Here we consider arrays infinite in the transverse directions, and we neglect polarization effects. The lattice spacings in the longitudinal and transverse directions are δ z and δ ⊥ , respectively. The array is prepared to emit a photon unidirectionally with wavevector k 0 into a mode with transverse spatial distribution f ( ρ ) of a large width w λ 0 with λ 0 the photon wavelength. Therefore, the mode transverse spatial spectrum F ⊥ ( q ) = f ( ρ )e −i q ρ d ρ has a narrow width q max ∼ 1/w k 0 . The unnormalized probability amplitude ϕ( q, k z ) to emit a photon into a plane wave with wavevector k = { q, k z } can be found as the limit | r | → ∞ of the Eq. (13) in the main text, for r = | r |( k/| k |). Here we neglect the polarization part of the Green's function and consider the limit of large detunings ∆ γ e . For a two layer array of emitters (located at z = ±δ z /2) with the phases fixed, according to the prescription (18) (in the main text), to emit light into the transversally wide mode, i.e. J j = e ik0zj f ( ρ j ), the probability amplitude ϕ( q, k z ) reads
Here the approximation of the sum with the continuous function F ⊥ ( q ) becomes exact for a lattice spacing δ ⊥ < (2q max ) −1 , according to the sampling theorem. The ensemble does not emit in the transverse direction, as the spectrum F ⊥ ( q ) goes to zero for q x,y > q max . Thus the photon can be emitted into paraxial forward and backward modes only.
In order to define the Purcell factor we need to find the corresponding amplitudes to emit the photon forward and backward. First, we consider emission into the paraxial backward modes with k
. The longitudinal spacing δ z is chosen to suppress the exact backward scattering (given by the plane wave with k z = −k 0 , q x,y = 0), i.e. δ z = λ 0 (2N z − 1)/(2N z ). The backward scattering amplitude for the interlayer spacing δ z = (3/4)λ 0 reads
The probability to emit light backward is proportional to d q |ϕ ← ( q)| 2 , and is given by
Here we approximated the spectrum function as a constant for q 2 x + q 2 y ≤ q 2 max and zero otherwise. On the other hand, the forward scattering amplitude has a leading term of order 1, and the probability to emit forward reads
This allows us to read off the effective optical depth for a two infinite layers emitting into a transversally con-
, wherē
. This is the result quoted in Section III C. More precisely, for a two-layer antenna with phases chosen to emit into a Gaussian mode with a beam waist w 0 , J j ∼ e ik0zj LG 0 0 ( ρ j , z j ), as discussed in Section III C, one can similarly show that the effective optical depth for forward emission reads O In a frame rotating with the optical frequency ω 0 , and eliminating the photonic field dynamics in a BornMarkov approximation, the model can be described by a master equation for the atomic density matrixρ describing the master atoms and the antenna atoms, reading
Re(H nh ) j,k σ
Here, we integrated the dynamics of the photonic field, which we assumed initially in the vacuum state (zero temperature), we defined H int ≡ a,j J j,a σ 
with the jump operators L i ≡ σ − i , the collective emission rates given by the matrix Γ j,k ≡ −2Im(H nh ) j,k , the non-hermitian Hamiltonian describing the dynamics of excitations in the arrays H NH ≡ i,j (H nh ) i,j σ + i σ − j , the term coupling excitations in the qubits to excitations in the arrays
and V − ≡ V † + . Here P and Q are projectors defined as P ≡ ⊗ 2 a=1 I a ⊗ 2Na j=1 |g j g| and Q ≡ I − P, where we assume that at all time at most a single excitation is present in the atomic arrays. From the fact that Γ j,k is a real and positive-definite matrix, it can be diagonalized with an orthogonal matrix U as j,k U T l,j Γ j,k U k,l = Γ l δ l,l , with Γ l ≥ 0. The last term of Eq. (E2) then becomes
where we defined new jump operators asL l ≡ j U l,j L j . We now eliminate adiabatically the degrees of freedom for the atomic arrays, assuming the weak couplings J j,a |∆ − iγ e /2|, such that the population of the antenna atoms is small at all times (i.e. Tr [Qρ] 1). Applying second order perturbation theory, the projected density matrix ρ ≡ PρP obeys the Lindblad master equation
with the effective Hamiltonian and jump operators defined as
Below we provide explicit expressions for Eqs. (E5) and (E6).
Emergent chiral master equation
Substituting the expressions of Eq. (E3) in Eq. (E5) we first obtain
Analogously, we have for last term of Eq. (E4)
where we used the relation
Finally, the master equation for the qubit reduced density matrix ρ reads
This master equation can finally be expressed in the form of the main text by identifying γ 1,2 , γ L,R and φ L/R .
Appendix F: Deterministic Quantum State Transfer Protocols
In this section we provide expressions for the functions f 1,2 (t) realizing Quantum State Transfer. Their explicit form can be obtained by requiring the temporal shape of photons emitted by the first array to be symmetric under time reversal, such that f 2 (−t) = f 1 (t) is a solution. This is discussed in more details for example in Refs. [26, 77] . We will assume for simplicity a symmetric scenario, where γ a ≡ γ, and γ R/L,a ≡ γ R/L . In our simulations we use f 1 (t) = e γt /(2 − e γt ) for t < 0, and f 1 (t) = 1 for t ≥ 0, although the results do not depend on the explicit expression of these shapes.
For an initial pure state with a single excitation, the qubit density matrix can be written as ρ(t) = |ψ(t) ψ(t)| + P g (t) |GG GG| , where |ψ(t) = c 1 (t) |EG + c 2 (t) |GE with c 1 (t) and c 2 (t) the excitation amplitudes of the first and second qubit. We get, assuming γ L γ R ,
Denoting here 2T the duration of the protocol from the initial time −T to the final time T , these equations can be integrated to yield |c 2 (T )| 2 = (γ R /γ) 2 1 − O(e −γT ) |c 1 (−T )| 2 .
The fidelity for QST is the success probability of transfer for the initial condition c 1 (−T ) = 1 and c 2 (−T ) = P g (−T ) = 0, and is thus identified as (γ R /γ) 2 , provided γT is taken large enough. In the simulations we use γT = 20.
where we used 
such that they satisfy bosonic commutation relations [b a,ω , b † a,ω ] = δ(ω − ω ). In order to obtain a QSSE from Eq. (G2), we need to perform a Born-Markov approximation and assume κ(ω) ≈ κ(ω 0 ). This requires in particular that ωL ⊥ /c 1, where L ⊥ denotes the spatial extent of the antenna, such that the phase factor e ikL ⊥ acquired by a photon propagating in the antenna can be approximated by e ik0L ⊥ . Finally, we define the quantum noise operators
satisfying [b a (t), b † a (t )] = δ(t − t ), and the Hamiltonian now reads
with g a ≡ √ 2πκ a (ω 0 ) which is equivalent to the expression of Eq. (17) if we identify γ tot,a = |g a | 2 .
QSSE for the paraxial part of the field
In order to obtain an effective 1D description of the dynamics, we decompose the QSSE obtained above into a paraxial part, with both antennas coupling to the same modes, and a non-paraxial part, where each antenna couple to its own bath (corresponding to the imperfections from β < 1). Considering first only right-propagating modes, we project the electric field operator on a paraxial basis, and obtain, with r ≡ ( ρ, z),
where u n (k, ρ, z) forms an orthonormal basis for paraxial modes with momentum k propagating along z in the right direction, and
where we defined the Fourier transform as u n (k, r, z) ≡ (1/2π) d 2 qe i q· r v n (k, q, z). Here we made the assumption that the transverse spectrum can be restricted to | q| k 0 (paraxial approximation). The Hamiltonian for the interaction between master atom and paraxial field can then be written as For left-propagating paraxial modes, we perform a similar procedure, and we define all corresponding variables by replacing the superscript R → L. We use a similar decomposition for the paraxial modes, with the waist located at the same position as for right-propagating modes, which is obtained by replacing the mode expressions as u n (k, ρ, z) e ikz → u * n (k, ρ, z) e −ikz , and finally obtain 
Field decomposition
From the mode definitions in Eqs. (G7) and (G14), we can now decompose the modes interacting with the antennas into their paraxial and non-paraxial parts. Expanding the photon operators in terms of Eqs. (G6) and (G13), we obtain [b a (t), e −iω0za/c b R n † (t − z a /c)] = g R n,a * g a δ(t − t ),
[b a (t), e iω0za/c b
where we identify |g R n,a /g a | 2 as the Purcell β-factor. Finally, we define the coupling to unwanted non-paraxial modes as g a ≡ |g a | 2 − n |g R n,a | 2 + |g L n,a | 2 . This provides a definition for the annihilation operator of photons in these unwanted modes b a (t) as 
